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Why we compute the B → π form factor on the Lattice

A precise determination of  Vub allows a strong test of the standard model 

The constraint on the apex            of 
the CKM triangle from |Vub| will 
strengthen tests of the Standard-
Model CKM framework.

|Vub|
|Vcb|

=
�

1� �2/2

p
⇢̄2 + ⌘̄2

(⇢̄, ⌘̄)

‣ λ = |Vub| known to ~ 1 %
‣ |Vcb| known to ~2 %

Dominant error (yellow ring) comes 
from the uncertainty of |Vub|

There has been a long standing puzzle in the determination of |Vub|

• ~3σ discrepancy between exclusive (B→πlν) and inclusive (B→Xulν) determination.

• BR(B→τν) leads to larger |Vub| which disagrees with an average of |Vub|excl and |Vub|incl 

by more than 2σ.

~7% inclusive / ~10% exclusive

J. Laiho, E. Lunghi, and R. S. Van de Water, Phys. Rev. D81, 034503 (2010)

E. Lunghi and A. Soni, Phys.Lett. B697, 323 (2011)
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q2 = mB2 + mπ2 - 2mBEπ 

f+(q2) is crucial for the determination of the CKM matrix element  |Vub|

d�

dq2
=

G2
F

192⇡3m3
B

⇥
(m2

B +m2
⇡ � q2)2 � 4m2

Bm
2
⇡

⇤3/2 ⇥ |f+(q2)|2 ⇥ |Vub|2

Experiment Known factor Hadronic part CKM matrix 

Goal

•Experiment can only measure the CKM matrix element times Hadronic form factor.
•The hadronic form factor must be computed nonperturbatively via lattice QCD.

•The exclusive B → πlν semileptonic decay allows the determination of |Vub| via:

Why we compute the B → π form factor on the Lattice
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How to calculate f+(q2) from Lattice QCD

fk(E⇡) = h⇡|V0|Bi/
p
2mB

f?(E⇡)pi = h⇡|Vi|Bi/
p
2mB

f+(q
2) =

1p
2mB

[fk(E⇡) + (mB � E⇡)f?(E⇡)]

h⇡|Vµ|Bi = f+(q
2)

✓
pµB + pµ⇡ � m2

B �m2
⇡

q2
qµ

◆
+ f0

m2
B �m2

⇡

q2
qµ

• Non-perturbative form factor f+(q2) parametrizes the hadronic matrix element of 
the b → u quark flavor-changing vector current Vµ . 

• On the lattice, we calculate the form factors f|| and f⊥ .
   ▶ Proportional to vector current matrix elements in the B-meson rest frame:

   ▶ Easy to relate to the desired form factor f+(q2).
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How to calculate f+(q2) from Lattice QCD

RB!⇡
3,µ (t, T ) =

CB!⇡
3,µ (t, T )

p
C⇡

2 (t)CB
2 (T � t)

r
2E⇡

0

e�E⇡
0 te�mB

0 t

f lat
k = lim

t,T!1
RB!⇡

0 (t, T )

f lat
? = lim

t,T!1

1

pi⇡
RB!⇡

i (t, T )

pπ ≠ 0 pB = 0

• Extract the lattice form factor from the ratio of the 3pt function to 2pt functions:

Gaussian-smeared 
sequential source 

Relativistic heavy quark action 

The 2+1 flavor dynamical domain-wall 
fermion gauge field configurations

J. A. Bailey et al. (MILC Collaborations), Phys. Rev. D79, 054507 (2009).

Domain wall fermion action
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Heavy-light current renormalization
The lattice amplitude must be multiplied by the appropriate renormalization factor.

h⇡|Vµ|Bi = Zbl
Vµ

⇥ h⇡|V lat
µ |Bi

ZVµbl can be calculated via the mostly nonperturbative method.

compute 
nonperturbatively

compute with 1-loop lattice 
perturbation theory

•Most of the heavy-light current renormalization factor comes from ZVbb and ZVll, 
such that ρ is expected to be close to unity

•ZVll has been obtained by the RBC/UKQCD Collaborations, where we use the fact 
ZA=ZV for domain-wall fermions.

•We compute the matrix element of the b→b vector current between two Bs mesons.

ZV
bb is independent of the light 

“spectator” quark mass

Zbl
Vµ

= ⇢blVµ

q
Zbb
V Zll

V

Zbb
V ⇥ hB|V bb,0|Bi = 2mB

A. X. El-Khadra et al.  Phys.Rev. D64, 014502 (2001) 

Y. Aoki et al. (RBC/UKQCD Collaboration), Phys.Rev. D83, 074508 (2011) 

[See talk by C.Lehner Thursday]

≈1
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2+1 flavor domain wall gauge configurations

 L×T a [fm] mud
sea ms

sea mπ
sea [MeV] # of configs. # of sources

32 × 64 ≈ 0.08 0.004 0.030 289 628 2

32 × 64 ≈ 0.08 0.006 0.030 345 445 2

32 × 64 ≈ 0.08 0.008 0.030 394 544 2

24 × 64 ≈ 0.11 0.005 0.040 329 1636 1

24 × 64 ≈ 0.11 0.010 0.040 422 1419 1

•We use the 2+1 flavor dynamical domain-wall fermion gauge field configurations 
generated by the RBC/UKQCD Collaborations.

‣ domain-wall fermion for the light quarks
-  fermion fields have a 5th dimension of extent Ls

-  left and right handed fermions on slice 0 and Ls-1
-  chiral symmetry breaking under control

‣ Iwasaki gauge action

This talk

C. Allton et al. (RBC-UKQCD), Phys. Rev. D78, 114509 (2008) 
Y. Aoki et al. (RBC/UKQCD Collaboration), Phys.Rev. D83, 074508 (2011)
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Relativistic heavy quark action for b-quarks

• The Fermilab group showed that you can remove all errors of O((ma)n) by 
appropriately tuning the parameters of the anisotropic clover action

• Errors are of O(a2p2).

•  Li, Lin, and Christ showed that the parameters {m0, ζ, cP} can be tuned 
nonperturbatively.

•We use the results for the parameters of the RHQ action obtained for b-quarks in 
Y. Aoki et. al arXiv:1206.2554. 

Heavy quark mass introduces discretization errors of O((ma)n).
 - At bottom quark mass, it becomes severe: mb ~ 4 GeV and 1/a ~ 2 GeV, then mba > O(1).

SRHQ =
X

n,n0

 ̄n

(
m0 + �0D0 �

aD2
0

2
+ ⇣

"
~� · ~D � a ~D2

2

#
� a

X

µ⌫

icP
4
�µ⌫Fµ⌫

)

n,n0

 0
n

Relativistic heavy quark action (RHQ action)

  A. X. El-Khadra, A. S. Kronfeld and P. B. Mackenzie, Phys. Rev. D55, 3933 (1997)

 N. H. Christ, M. Li, and H.-W. Lin, Phys.Rev. D76, 074505 (2007)
 H.-W. Lin and N. Christ, Phys.Rev. D76, 074506 (2007)

See talk by O.Witzel today.
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Effective mass plots of pion
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Dispersion relation and amplitude Zπ
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• The pion energy satisfy the continuum dispersion relation:

• The pion amplitude                               is independent of momentum 

E2
⇡ = |~p⇡|2 +m2

⇡

Z⇡ = |h0|O⇡|⇡i|

Z⇡(E) = lim
t!1

�
C⇡

2 (t)⇥ 2EeEt
 1

2
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Effective mass plots of B meson
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•Gauge-invariant Gaussian b-quark source and point sink

• Smearing the source succeeds in reducing excited state contamination.
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The ratio of 3pt over 2pt functions
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The B ! ⇡l⌫ form factor:

Analysis of two and three point functions

Taichi Kawanai, Ruth S. Van de Water and Oliver Witzel

June 15, 2012

1 Methodology

1.1 Ratio of 3pt to 2pt correlation function

The form factor f lat

k and f

lat

? can be obtained from the ratio of 3pt to 2pt correlation functions in
lattice QCD:

fk =
h⇡|V0|Bip

2mB
(1)

f? =
h⇡|Vi|Bip

2mB

1

p

i
⇡

. (2)

R

B!⇡
3,µ (t, T ) =

C

B!⇡
3,µ (t, T )

p
C

⇡
2

(t)CB
2

(T � t)
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2E⇡
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t
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�mB
0

t
, E

⇡
0

=

s

m

⇡
0

2 +

✓
2⇡n

L

◆
2

(3)

f

lat

k = lim
t,T!1

R

B!⇡
0

(t, T ) (4)

f

lat

? = lim
t,T!1

1

p

i
⇡

R

B!⇡
i (t, T ) (5)

where

C

⇡
2

(t, ~p) =
X

~x

e

i~p·~xh ̄(0,~0)�
5

 (0,~0)( ̄(t, ~x)�
5

 (t, ~x))†i =
X

n

|Z⇡
n |2

e

�E⇡
nt

2E⇡
n

(6)

C

B
2

(t) =
X

~x

h ̄(0,~0)�
5

 (0,~0)( ̄(t, ~x)�
5

 (t, ~x))†i =
X

n

|ZB
n |2 e

�mB
n t

2mB
n

(7)

C

B!⇡
3,µ (t, T ) =

X

m,n

Z

⇡
m

2E⇡
m

hE⇡
m|Vµ|mB

n i
Z

B
n

2mB
n

e

�E⇡
mt

e

�mB
n (T�t) (8)

Vµ and Vµ are the lattice and continuum b ! u vector currents, respectively. The lattice amplitude
need to be multiplied by the appropriate renormalization factor ZVµ to recover the desired continuum
matrix element as

h⇡|Vµ|Bi = Z

bl
Vµ
h⇡|V µ|Bi (9)

1

• source-sink separation T = 20

•We fit the ratio to a plateau in the region 0 ≪ t ≪ T where 2-point 
correlators indicate that excited state contributions can be neglected.
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ZVbb

2.4 The flavor-conserving renormalization factor ZV hh

The flavor-conserving renormalization factor Z

bb
V can be determined by a ratio of B ! B 3pt

function to single B meson 2pt function as follow.

Z

bb
V ⇥ hmB

0

|V bb
0

|mB
0

i = 2mB (18)

C

B
2

(T )

C

B!B
3,µ (t, T )

t,T!1�����! Z

bb
V (19)

where

C

B
2

(t) =
X

n

Z

B
n

src

Z

B
n

⇤
sink

e

�mB
n t

2mB
n

(20)

C

B!B
3,µ (t, T ) =

X

m,n

Z

B
m

src

2mB
m

hmB
m|Vµ|mB

n i
Z

B⇤
n

sink

2mB
n

e

�mB
mt

e

�mB
n (T�t) (21)

The use of the heavier spectator quark significantly reduces the statistical uncertainty because
ZV hh is independent of spectator mass. Here Bs meson is empolyed to obtain the ZV hh insted of B
meson.

2.4.1 Bs meson

Table 8: folded 2pt Bs meson and unfolded 2pt Bs meson
l2464f21b213m005m040 m0.0343

Smeared source - point sink

Folding Unfolding

n2

fitting range �2/d.o.f p-value fitting range �2/d.o.f p-value

0 [10:25] 3.1025(12) 0.41 98% [10:25] 3.1040(18) 0.76 73%

Smeared source - point sink

0 [6:20] 3.1037(13) 1.03 42% [6:20] 3.1057(18) 1.24 24%
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Fitting result: 9.966(46)
χ2/d.o.f. = 1.22
p-value = 29%

At tree level, the expression of ZVbb is given by

2.4.2 ZV hh

The expression for Zbb
V and Z

ll
V at tree level is given by

Z

bb
V = u

0

exp(M
1

), M

1

= log[1 + m̃

0

], m̃

0

=
m

0

u

0

� (1 + 3⇣)(1� 1

u

0

) (22)

Z

ll
V =

u

0

1� !̃

2

, !̃ = 1� [M
5

� 4(1� u

0

)] (23)

where the values from this simulation is m
0

= 7.80, ⇣ = 3.20 and u

0

= 0.8757. As a result,

m̃

0

= 10.412 (24)

Z

bb
V = 9.993 (25)

Below are results for ZV hh with folded/unfolded Bs meson. As shown in results, unfolded Bs meson
su�ciently reduces the statistical uncertainty of ZV hh since noise cancellation would exist in the ratio
of 3pt to 2pt.j

Table 9: The results of ZV hh with folded Bs meson and unfolded Bs meson: For unfolding case, The
several fitting ranges are tried to find out un optimal one. The fitting range should be ended at t = 11,
because there is a jump at t = 12 in the data of ZV hh

l2464f21b213m005m040 m0.0343

Smeared source - point sink

Folding Unfolding

n2

fitting range �2/d.o.f p-value fitting range �2/d.o.f p-value

0 [6:11] 10.28(31) 1.21 30% [6:11] 9.966(46) 1.22 29%

[7:11] 9.979(48) 1.28 27%

[6:12] 9.993(45) 1.94 7%

[6:14] 9.982(43) 1.74 8%
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Figure 13: ZV hh with folded Bs meson and unfolded Bs meson

14

Here  m0 = 7.80,  ζ = 3.20,  u0 = 0.8757 .

tree level : Zbb
V = 9.993

NP : Zbb
V = 9.966(46)
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f||  and  f⊥
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•Will extrapolate to physical quark masses and continuum and interpolate 
in Eπ2 using chiral perturbation theory.

14



Conclusions and future prospects
•We are calculating  the B → π form factors f||  and  f⊥  using 2+1 flavor dynamical 

domain-wall fermion gauge field configurations with relativistic heavy quark 
action on 243×64 (a~0.11fm) lattice.

• Implementing mostly nonperturbative renormalization.

•Will provide important independent check on existing calculations using 
staggered light quarks.

Work still in progress: 

•underway on 323×64 (a~0.08fm) lattice 

•Calculation of ρ-factors in lattice perturbation theory                                                                    

•chiral extrapolation 

•continuum limit

•Extrapolate to low momentum transfer (high Eπ2 ) using z-expansion and 
compare with experiment to obtain |Vub|.

[see talk by C. Lehner on Thursday]
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III. LATTICE CALCULATION OF RHQ
PARAMETERS FOR BOTTOM

A. Lattice simulation parameters

The parameters of the RHQ action suitable for de-
scribing b-quarks depend upon the choice of actions for
the gauge fields and sea quarks. In this work we perform
our numerical lattice computations on the “2+1” flavor
domain-wall fermion ensembles generated by the LHP,
RBC, and UKQCD Collaborations [9, 10]. These lat-
tices include the e↵ects of three light dynamical quarks;
the lighter two sea quarks are degenerate and we denote
their mass by ml, while the heavier sea quark, whose
mass we denote by mh, is a little heavier than the phys-
ical strange quark. The RBC/UKQCD lattices com-
bine the Iwasaki action for the gluons [19] with the five-
dimensional domain-wall action for the fermions [20, 21].
Use of the Iwasaki gauge action in combination with
domain-wall sea quarks allows for adequate tunneling
between topological sectors [22], and in combination
with domain-wall valence quarks reduces chiral symme-
try breaking and the size of the residual quark mass as
compared to the Wilson gauge action [23].

We compute the RHQ b-quark parameters on several
ensembles with di↵erent light sea-quark masses; this al-
lows us to study the sea-quark mass dependence, which
we find to be statistically insignificant. We also deter-
mine the parameters at two lattice spacings; we refer to
the coarser ensembles with a ⇡ 0.11 fm as the “243” en-
sembles and the finer ensembles with a ⇡ 0.086 fm as the
“323” ensembles. Use of two lattice spacings allows us to
take a näıve continuum limit of physical quantities such
as meson masses and splittings, although we still include
a conservative power-counting estimate of the residual
O(|~pa|2) discretization errors from the RHQ action that
may not be removed with this approach. Table I shows
the parameters of the ensembles used for the RHQ pa-
rameter tuning and bottomonium spectroscopy presented

in this work. On the finer lattice spacings we double the
statistics by performing two fermion inversions per gauge
configuration with the origins of the quark sources sepa-
rated by half of the temporal lattice extent.
The ensembles listed in Table I have already been uti-

lized to study the light pseudoscalar meson sector; we
can therefore take advantage of many results from this
earlier work. The amount of chiral symmetry breaking
in the light-quark sector can be parameterized in terms
of an additive shift to the bare domain-wall quark mass
called the residual quark mass. At the values of M5 = 1.8
and Ls = 16 used by RBC/UKQCD, the size of the resid-
ual quark mass is quite small; amres = 0.003152(43) on
the 243 ensembles and amres = 0.0006664(76) on the 323

ensembles [10]. In order to compute the masses of Bs

and B⇤
s mesons for the tuning procedure we also need

the value of the physical strange-quark mass on these en-
sembles. This was already determined in Ref. [10]; ams =
0.0348(11) on the 243 ensembles and ams = 0.0273(7) on
the 323 ensembles. (In practice we use slightly di↵erent
values of the strange-quark mass — ams = 0.0343 on the
243 ensembles and ams = 0.0272 on the 323 ensembles —
because we began this work before the light pseudoscalar
meson analysis in Ref. [10] was finalized. These values,
however, are within the stated statistical errors.) Finally,
we must convert lattice meson masses into physical units
for the tuning procedure and for comparison between
predictions and experiment. The lattice scale was de-
termined from the ⌦ mass to be a�1 = 1.729(25) GeV on
the 243 ensembles and a�1 = 2.281(28) GeV on the 323

ensembles [10]. These values are consistent with an inde-
pendent determination of the 243 and 323 lattice spacings
using the ⌥(2S)�⌥(1S) mass-splitting by Meinel [24].

B. Heavy-light meson correlator fits

We extract the Bs and B⇤
s meson energies from the

exponential behavior of the following 2-point correlation
functions:

CBs(t, t0; ~p) =
X

~y

eip·~yhO†
P (~y, t)ÕP (~0, t0)i , (16)

CB⇤
s
(t, t0; ~p) =

1

3

X

i

X

~y

eip·~yhO†
Vi
(~y, t)ÕVi

(~0, t0)i , (17)

where OP and OVi
are the pseudoscalar and vector

heavy-strange meson interpolating operators, respec-
tively:

OP = b�5s , OVi
= b�is , (18)

and the index “i” denotes the three spatial directions. We
will explain the meaning of the tilde on some of the op-
erators in Eqs. (16) and (17) later in this section. At suf-
ficiently large times, excited-state contributions to these
correlators will die away and the correlators will fall o↵
as an exponential function of the meson ground-state en-
ergy exp[�E(~p)(t � t0)]. We can therefore obtain the

Tuning RHQ parameters

• Start from calculation of 

at an educated guess point (r = 1) and at  
around 6 points (r = 2,...,7):

•We extract the RHQ parameters and iterate until tuned values settle inside box.
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where

• The other quantity     at the tuned RHQ parameters can be obtained as

whereORHQ = J ⇥
2

4
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Interpolation to tuned RHQ parameter
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Figure 12: The ratio of B
s

! B

s

3pt function to single 2pt function, which spectator is strange quark.
(top left) B vs B

s

(top right) Source-sink dependence (bottom left) T dependence for Gauss-Point.
(botoom right) T dependence for Gauss-Gauss.
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